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We propose a mechanism by which electric charges deconfine in an Abehan Higgs model with 
matter fields belonging to the fundamental representation of the gauge group. Kosterlitz-Thouless 
like recursion relations for a scale-dependent stiffness parameter and fugacity are given, showing 
that for a logarithmic potential between point charges in any dimension, there exists a stable fixed 
point at zero fugacity, with a dimensionality dependent universal jump in the stiffness parameter at 
the phase transition. 
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It is well known that a pure Maxwell theory with gauge 
fields arising from a compact U{\) gauge group perma- 
nently confines electric charges in three dimensions 0. 
In such a case, specifically in the absence of matter fields 
coupled to the gauge fields, the Wilson loop is a good 
probe for confinement and satisfies the area law, with a 
linearly confining potential between electric test charges. 
The periodic character of the gauge fields induces topo- 
logical defects in the theory. In the case of compact 
Maxwell theory in three dimensions these defects are 
magnetic monopoles. This is easily seen as the 27r jumps 
can be accounted for by writing the field strength as 

Fi^u = fp,u - 2TTe^i,xd\ j (PyD{x - y)n{y), (1) 

where /^jy is the non-singular part of the field strength, 
n{x) = J2i1i^^i^ ~ ^i) magnetic charge density 

and 

~d^D{x-y) = S^x-y). (2) 
Thus, the dual field strength F* = e^v\Fy\/1 satisfies 

d,.F;{x) = 2nn{x). (3) 

In the absence of monopoles the potential between elec- 
tric test charges is given simply by the Coulomb interac- 
tion in two space dimensions: 

V{R)^lnR. (4) 

The monopoles of the dual theory, on the other hand, in- 
teract through a Coulomb potential in three dimensions, 
i.e., Vmon ~ ^/f- In order to show that in the compact 
Maxwell theory electric charges never deconfine, we have 



to study a classical Coulomb gas of monopoles in three 
dimensions. Polyakov yj carried out this study by show- 
ing that for low fugacity the Coulomb gas maps onto a 
sine-Gordon theory, which he solved in a saddle point 
approximation in the presence of external sources corre- 
sponding to the test electric charges. The end result is 
a potential between electric test charges V{R) R in 
two space dimensions. Thus, the monopoles act in such 
a way as to produce an anti-screening effect in the po- 
tential between electric charges. The force between the 
electric charges, which decreases as 1/i? in two space di- 
mensions for the non-compact Maxwell theory, does not 
vary with the distance any longer in the case of compact 
Maxwell theory. 

Note that in two space-dimensions, the absence of 
monopoles in the gauge-field produces a potential be- 
tween test charges which is given by V{R) ^ InR. In 
the presence of fluctuating matter fields in three space- 
time dimensions (two space dimensions), this is changed 
to V{R) ^ due to the presence of an anomalous 

scaling dimension of the gauge field. The gauge-field 
propagator in d space-time dimensions in the presence 
of critical matter- field fiuctuations is given by i?(|x|) ^ 
1/1x1'*^^+''-*, where r/A is the anomalous scaling dimen- 
sion of the gauge-field, gauge-invariance dictates that 
T]A — 4: — d and d is the space-time dimensionality. 
Therefore, we see that l?(|a;|) ^ l/|a;p when d € (2,4]. 
This is the same as we would get with or without matter- 
field fiuctuations in four-dimensional space-time. Hence, 
we see that the role of the anomalous scaling of the gauge 
field is to essentially produce extra space dimensions. It 
is as if the test charges were living in three space dimen- 
sions, but confined to moving in two. 

An alternative derivation of Polyakov's result amounts 
to showing that a Coulomb gas of monopoles does not 
undergo any phase transition between a dielectric and 
metallic phase in three dimensions. The system is al- 
ways in a "high-temperature" metallic phase. This can 
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be seen by deriving the corresponding recursion relations 
for a three-dimensional Coulomb gas. The recursion re- 
lations for a d-dimensional Coulomb gas were derived by 
Kosterlitz "s"]. The result is 



dK- 



dl 



dy 
dl 



Att^V^ - (2 - d)K- 



[d-2i,^f{d)K] y, 



(5) 



(6) 



where f{d) = (d - 2)r[(d - 2)/2]/(47r)'^/2. Here, yil) and 
K{1) are essentially the scale-dependent fugacity and in- 
verse dielectric constant of the d-dimensional Coulomb 
gas, respectively. These renormalization group equations 
are therefore basically nothing but self-consistency equa- 
tions for scale-dependent electrostatics. For d — 2, the 
above equations reduce to the celebrated recursion rela- 
tions for the Kosterlitz-Thouless (KT) phase transition 
Q. In this case a line of fixed points occurs in the flow 
diagram. However, for d > 2 there are no zero- fugacity 
fixed points to the above recursion relations. For d > 2, 
the second term on the right hand side in Eq. jSJl is pos- 
itive, which means that even at arbitrarily low fugacity, 
K~-^{1) > will increase indefinitely as the (logarithmic) 
length scale / increases. Hence, no matter how large we 
make the bare value of K{1), it will eventually be reduced 
enough, by Eq. ||SJ), to make the right hand side of Eq. 
© positive. Hence, it is inevitable that y{l) will even- 
tually start increasing with /, thus destroying the zero- 
fugacity fixed point well known to exist in the case d = 2 
0. In particular, this result means that no phase transi- 
tion occurs in d = 3 in the ordinary Coulomb gas. Thus, 
the Coulomb gas of monopoles is always in the plasma 
phase. This is nothing but a statement which is equiva- 
lent to permanent confinement of electric test charges in 
compact three-dimensional photodynamics I'l . 

When matter fields are present, the confinement prop- 
erties of the theory are likely to be changed. There are, 
however, many subtleties involved when the matter fields 
are in the so called fundamental representation of com- 
pact U{1). To see what are the main points, let us con- 
sider the lattice abelian Higgs model, whose action is 
given by 

S = -/3^cos[A^6'(x) - qA^{x)\ - cos[F^,^{x)l 

(7) 

where g £ N is the charge carried by the Higgs field . 
The case where the Higgs field carries the fundamental 
charge {q = 1) differs in an essential way from the case 
q > 1. This can be seen by considering the limiting 
cases /3 — > cx) and k — > cx). Let us consider first the case 
q = 1. First of all, for all values of q the limit k — > oo 



corresponds to the SDXF model. This is so because 
when K — > oo all gauge-field fluctuations are supressed 
except those that are indistinguishable from vortex-loop 
fluctuations in the matter sector. Hence, for all q, the 
model exhibits a phase transition when k — > oo. The 
limit P — > cxD, on the other hand, is trivial when q — \, 
and there is no phase transition associated with it. 

The situation for g = 2 is drastically different since in 
this case the limit /3 — > oo leads to a Z2 gauge theory, 
which exhibits a phase transition in the Ising model uni- 
versality class when the space-time dimensionality d = 3. 
Thus, when q = 2 it is natural to think that there is 
a critical line in the phase diagram of the q = 2 the- 
ory that interpolates between the two limitingcritical 
regimes, and this can indeed be demonstrated 0, Q . 
The case corresponding to the Higgs field with the fun- 
damental charge does not have two asymptotic critical 
regimes to be interpolated. For this reason, it is gener- 
ally thought that there is no phase transition in the q = 1 
three-dimensional lattice Abelian Higgs model and that 
therefore the theory permanently confines electric test 
charges ^gj, as is the case in the pure compact Maxwell 
theory [1|. 

Another obstacle against a deconfinement phase tran- 
sition in the q = 1 case comes from Elitzur's theorem |9|. 
This theorem simply states that averages of non-gauge 
invariant operators are always zero in the absence of 
gauge fixing. Only gauge-invariant operators can have a 
nonzero expectation value. In other words, a local gauge 
symmetry cannot be spontaneously broken. This is im- 
portant, since it implies that the Higgs mechanism can 
only occur upon some gauge fixing. In the lattice action 
a natural gauge fixing is the unitary gauge parametriza- 
tion. In the unitary gauge there is a residual global gauge 
symmetry left, which can in turn be broken. In the q = 2 
case the residual global symmetry corresponds to the Z2 
group. Thus, in this case the Higgs phase can be dis- 
tinguished from the confinement phase 0. In the q = I 
case, however, the residual symmetry is just the identity 
group and it is therefore trivial. The Higgs phase can- 
not be distinguished from the confinement phase. Again, 
there is only one phase and it seems that there is no way 
out from permanent confinement for fields carrying the 
fundamental charge. 

In the case of continuous global symmetries the 
Mermin- Wagner theorem forbids spontaneous sym- 
metry breaking in two dimensions. Elitzur's theorem 
is far more restrictive than Mermin- Wagner's theorem, 
since it applies to any dimension and to discrete gauge 
groups. A well known way out from the Mermin- Wagner 
theorem is the KT transition 0|, where a phase transi- 
tion occurs in the absence of long range order. The KT 
transition occurs precisely in the case of a global U{1) 
group. 

Since the global symmetries do not suffer the severe re- 
striction imposed by Elitzur's theorem, duality transfor- 
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mations where a locally gauge invariant theory is mapped 
into a globally invariant theory is a powerful tool. We 
can look for phase transitions there where the symmetry 
can be spontaneously broken and, in some cases, even 
to look for phase transitions without spontaneous sym- 
metry breaking, like the KT phase transition at = 2. 
Unfortunately, it seems to be generally the case that the 
phase transition in the dual model corresponds to a non- 
trivial residual symmetry in the original model. Thus, 
as far as the phase transition is concerned, in those 
cases it can easily be established in the original model 
as well. In such cases, the dual model is still a pow- 
erful tool to establish the universality class. It would 
be interesting if a KT-like phase transition could oc- 
cur in the dual three-dimensional theory, elevating the 
three-dimensional q = 1 Abelian Higgs model to a sys- 
tem sustaining a confinement-deconfinement transition. 
Recently it was pointed out in Ref. that such a 

transition indeed occurs in this case. A deconfinement 
phase transition is driven by a KT-like phase transition 
in the monopole plasma. Note that in general, the topo- 
logical defects of theory are more complicated objects. 
The monopoles are generally connected by magnetic vor- 
tex lines, and there are also closed vortex loops. How- 
ever, at the critical point the vortex line looses tension 
and we have once more an effective description in terms 
of a gas of magnetic monopoles. The difference to the 
usual Coulomb gas is that the interaction between the 
monopoles are no longer cx 1/r as in the pure compact 
Maxwell theory. The matter fields induce an anomalous 
scaling behavior and the monopole- monopole interaction 
becomes cx In r in three dimensions |llL Il2| . This behav- 
ior strongly suggests that a KT-like transition may also 
occur for this anomalous Coulomb gas in three dimen- 
sions. 

For low fugacity the anomalous Coulomb gas can be 
brought in the form of a sine-Gordon theory with a l/|p|'^ 
free propagator il2j| : 

S = ^ j d^x[^{-dy/\ - 2zcos^], (8) 

where K = with g being the gauge coupling. From 

the above sine-Gordon theory we could in principle raise 
the following objection to a KT-like behavior at d = 3. 
It could happen that a ip{—d'^)(p term is generated by 
fluctuation effects. If the theory behaves in such a way, 
the generated term would clearly dominate at large dis- 
tances and the ip{—d'^)^^'^ip would become irrelevant in 
the renormalization group (RG) sense. The resulting ef- 
fective action would just correspond to an ordinary sine- 
Gordon theory in three dimensions and, therefore, no 
phase transition occurs in this case. The Inr interaction 
is screened into a 1/r potential. This argument, if cor- 
rect, would spoil the deconfinement phase transition for 
the q = 1 case. Let us show that this is not the case by 



using two different arguments. 

The first argument relies on simple power counting. It 
turns out that d = 3 is the lower critical dimension of the 
problem since the field f is dimensionless. This means 
that renormalization proceeds in precisely the same way 
as in the d = 2 well known counterpart of the present 
problem. 

The second argument relies on exact scaling and du- 
ality properties of the theory. The sine-Gordon action 
© is a result of a duality transformation of the critical 
effective action: 



S'cff (X J d^xFf^^—^=Fi_,t,. (9) 

The above corresponds to an exact scaling behavior of the 
gauge field propagator in the three-dimensional Abelian 
Higgs model Next, we proceed by reductio ad absur- 
dum to prove that the effective sine-Gordon action © 
gives the dominant contribution at large distances. This 
is seen as follows. The effective action (j^J clearly cor- 
responds to the dominant large distance behavior, i.e., 
the usual Maxwell term cx F^^ is obviously irrelevant 
in the infrared against the anomalous contribution given 
in Eq. (|5J|. Here, it is crucial that the sign of coeffi- 
cient of the anomalous term is positive, to ensure that 
the usual Maxwell term is indeed irrelevant. A nega- 
tive sign in front of the anomalous term would make 
the usual Maxwell term relevant. Next, assume that a 
ip{—d'^)(p term is generated by fluctuation effects in Eq. 
^ and that this term has a positive sign. This clearly 
implies that the ip{—d'^)'^^^ip term becomes irrelevant in 
the infrared. Therefore, the corresponding effective sine- 
Gordon action is of the usual type, thus dualizing back to 
an ordinary Maxwell theory. This contradicts the exact 
result that the dominant effective critical theory is given 
by Eq. ©. 

Next, to further substantiate our scenario, we derive 
the corresponding recursion relations for a gas of point- 
charges in three dimensions interacting through a loga- 
rithmic pair-potential, i.e., a three-dimensional logarith- 
mic plasma or anomalous Coulomb gas, and for which 
Eq. is a field-theoretical description As in the 
case of Eqs. (O and we will find it useful to con- 
sider the problem in d dimensions. Furthermore, we will 
consider a more general propagator of the form I/IpI"^ for 
the anomalous sine-Gordon model. Thus, we consider a 
bare potential given by Uo{r) = —AT:'^KV{r), where 

V{r) = , [{Kry-'^ - 1] , (10) 

with A being an ultraviolet cutoff. For the particular case 
d = a, corresponding to the lower critical dimension in 
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this generalized problem, we have 



Thus, 



(11) 



The bare electric field is given by Eo{r) = 
~^TT^KA{d,a)r''-'^-^ /r'^-'^, where tq = 1/A and 
A{d,<7) = {d-a)T[{d-a)/2]/[2''TT'^/^T{a/2)]. The bare 
electric field is renormalized by the other dipoles which 
are treated as a dielectric medium. The renormalized 
electric field is then given by 



Eir) 



Att^K A{d, cr) r" 



(12) 



where e(r) is the scale-dependent dielectric constant of 
the medium. We can write this in the form e{r) = 
1 + Sdx{r), where Sd = 2Tr'^^^ /r{d/2), and the electric 
susceptibility 



X{r) = iVrf / n{s, 9)a{s)s'^-^ sin'*"^ 9dsd0, (13) 

J ro 

with Nd = 27r('^-i)/Vr[(d - l)/2]. In Eq. n{r,e) 
is the density of pairs and a(r) is the polarizability of a 
dipole. We have for small separation of the pairs 



a{r) 



Air^Kr^ 



+ Oir^). 



(14) 



For n(r, 9) we have at lowest order in the bare fugacity 

yo 



n(r) 



yQ_-U{r) 



(15) 



where U{r) is the effective potential obtained by inte- 
grating the renormalized electric field: 



U{r) = U{ro) + Aii'^KAIyd, a) / ds 



-d-i 



sis) 



(16) 



The effective stiffness Kcs{l) is related to the dielectric 
constant e(r) through 



(17) 



KMl) K 
Let us define u{l) — U{ro exp I), out of which we obtain 



u(0 = u(0) + 47r^A(d,CT) / dvK^siv). (18) 

'0 



du 
Hi 



ATT^Aid,a)K,s{l). 



(19) 



We next define the square of the effective fugacity as 
follows 



2S. 



dr\ 



d 2 (2d-cr+2)l-u{l) 



(20) 







From Eqs. ^7^, (UHJl, and we finally obtain 



r]y - 2TT^A{d, cr)Kcs] y, 



(21) 



(22) 



where the anomalous dimension of the fugacity is given 
by riy — {a~ 2)/2. When = 2, we recover the recursion 
relations © and lO, which were originally derived by a 
completely different method 3]. Such a theory does not 
exhibit a phase-transition for d > 2. The case relevant 
for the three-dimensional Abelian Higgs model is, on the 
other hand, a = d = i. In this case Eqs. H21|l and H22|l 
are very similar to the usual KT recursion relations, ex- 
cept for the presence of the anomalous scaling dimension 
of the fugacity, r^y which is nonzero in our case and given 
hyijy^l/2. ^ 

By integration of the above recursion relations Eqs. 
(|21|l . H22|) . for the case d = cr = 3, we may compute 
explicitly the screened effective potential u{l) on the or- 
dered side, the result is 



u{l) - u(0) = 



1 



—uj+l + In 



-26 



+ UJ- 



(23) 



with ijj± = 1 ± tj, u — {b/2)ujl + 9, and uj and 9 
are integration constants determined from initial condi- 
tions on the flow equations. Asymptotically, we have 
u{l) ^ I ^ ln(r/ro), which shows that the effective po- 
tential is also logarithmic after screening effects are taken 
into account. Hence, we conclude that the statement, 
alluded to above, that the transition is destroyed by 
screening a bare ln(r)-potential into a 1/r-potential, is 
not correct. This can also be seen from a simple Debye- 
Hiickel theory for a ln(r)-potential in d dimensions. In- 
deed, due to Gauss's theorem in d-dimensions, the field 
equation in the corresponding Debye-Hiickel theory is 
given by [3 V • (Er^"'') = SdiqS'^ir) + {p{r))], where 
Sd = 27r''/2/r(d/2) and (p(r)) is the variation of the 
charge density in a plasma with density uq 15]. The 
electric field is E = — VJ7, where U is the screened effec- 
tive potential. The high temperature limit corresponds 
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to the Debye-Hiickel approximation, where the differen- 
tial equation for U{r) can be solved exactly The 
result is 

U{r) = ^Koiir/Xof/'] -qlnXo, (24) 

where Kq is a modified Bessel function of the second kind 
and the inverse of the Debye screening length A^j is given 
by 

~ [d^ TT{d/2) ) ' 

where T is the temperature. For r/\o ^ 1, Eq. 124|l has 
the expansion U{r) = 2(j(ln 2 - 7)/^ - qlnr + ©(r^/A^,). 

The recursion relations Eqs. H21|l and (|22(l thus pre- 
dict the possibility of a topological phase-transition in 
the system of point charges interacting with the po- 
tential Eq. (|10|) from a "low-temperature" dielectric 
phase to a "high-temperature" metallic phase, with a 
universal jump in the stiffness of the theory given by 
K*ff = 2/5. This should be contrasted with the universal 
jump A'*g = 2/tt that is found in the two-dimensional 
case. A specific realization of such a KT-like scenario 
has recently been suggested in the context of discussing 
the physics of strongly correlated fermio n sy stems at zero 
temperature in two spatial dimensions [llj. 

In summary, we have proposed a mechanism in three 
space-time dimensions by which a deconfinement tran- 
sition occurs for U{\) compact gauge fields coupled to 
bosonic fundamental matter fields. The proposed mech- 
anism relies on a KT-like phase transition in three space- 
time dimensions. Therefore, no symmetry breaking is 
involved and Elitzur's theorem is not violated. Instead, 
a topological phase transition occurs. 
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